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The topological Hall effect (THE), given by a composite of electric and topologically non-trivial
spin texture is commonly observed in magnetic skyrmion crystals. Here we present a study of the
THE of electrons coupled to antiferromagnetic Skyrmion lattices (AF-SkX). We show that, in the
strong Hund coupling limit, topologically non-trivial phases emerge at specific fillings. Interestingly,
at low filling an external field controlling the magnetic texture, drives the system from a conventional
insulator phase to a phase exhibiting THE. Such behavior suggests the occurrence of a topological
transition which is confirmed by a closing of the bulk-gap that is followed by its reopening, appearing
simultaneously with a single pair of helical edge states. This transition is further verified by the
calculation of the the Chern numbers and Berry curvature. We also compute a variety of observables
in order to quantify the THE, namely: Hall conductivity (HC) and the orbital magnetization (OM)
of electrons moving in the AF-SkX texture.
PACS numbers:
Introduction.– Magnetic skyrmions, a kind of topologi-
cally protected solitons, are nanometer size spin textures
that have shown to be of great practical interest due both
to the fundamental properties and its promising poten-
tial in spintronics based applications[1, 2]. They have
been evidenced experimentally in a wide variety of mate-
rials including chiral magnets such as MnSi [3, 4], FeGe
[5], FexCo1−xSi [6] and β-Mn-type Co-Zn-Mn [7]; and
insulator materials as Cu2OSeO3 [8, 9]. In most cases,
periodic arrays of skyrmions (SkX) are stabilized by the
competition of strong ferromagnetic (FM) exchange in-
teractions, external magnetic field and the antisymmetric
Dzyaloshinskii-Moriya (DM) interaction [10–13]. How-
ever, in recent years, theoretical studies have suggested
that skyrmions might be also stabilized in antiferromag-
nets where frustration helps to stabilize antiferromag-
netic skyrmions crystals (AF-SkX) consisting of multi-
ple sublattices of F-SkX [14–22]. Recently, in the spinel
MnSc2S4 the first realization of an AF-SkX (fractional)
like-structure has been discovered, where the planes (tri-
angular lattices) perpendicular to the field direction host
interpenetrated fractional F-SkX [23].
Among the emergent new phenomena recently gain-
ing interest, is the Topological Hall Effect (THE) [24].
It is found in magnetic systems where conduction elec-
trons, coupled to the magnetic background, accumulate a
Berry phase as they travel through skyrmions spin config-
uration which acts as a local effective magnetic field[25–
32]. In the context of THE, most of the previous stud-
ies have focused on systems consisting of ferromagnetic
SkX showing unconventional behaviour that emerges as a
consequence of the non-trivial smooth magnetic texture
[33–35]. Less explored has been the case of electrons
coupled to antiferromagnetic skyrmion lattices AF-SkX,
where the multiple sublattice structure can induce inter-
esting magnetic phenomena [36]. Therefore a question
that arises naturally is whether conduction electrons cou-
pled to this kind of skyrmion lattices could present exotic
new physics.
FIG. 1: (Color online) (a) DM interactions ~D (black arrows).
(b) Low temperature phase diagram of the magnetic Hamilto-
nian in Eq. (2) including Helical (H), AF-SkX and vortex like
(V) phases. (b) Portion of an AF-SkX magnetic background
considered in this paper. (c) Schematic phase diagram of the
electronic Hamiltonian in Eq. (3). At low filling, the magnetic
field induces a sequence of topological transitions: band insu-
lator → metal → THE; at high filling the system’s behaviour
can be connected with QHE.
This letter address this relevant question on the THE
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2of electrons in topologically non-trivial AF-SkX textures
on the triangular lattice. By means of extensive Monte-
Carlo (MC) simulations and exact diagonalization for the
magnetic and fermionic sector respectively, we find that
in the strong Hund coupling limit, at low filling it is pos-
sible to control the THE and its protected edge states by
tuning the external magnetic field. This phenomena is
confirmed by a closing and further reopening of the bulk-
gap and the transition from trivial to non-trivial Chern
number. As a complement, we have computed the orbital
magnetization (OM), which is directly related to Berry-
phase effect, showing surprisingly opposite signs at both
sides of the topological transition. This property enables
a “switch” on/off of the THE and OM by an external
magnetic field.
Model and Methods.– In this work we consider a tight-
binding model on a triangular lattice where the interac-
tion of electrons with an AF-SkX texture is described by
the Hamiltonian,
H = −
∑
〈r,r′〉,σ
trr′ (cˆ
†
rσ cˆr′,σ + h.c.)− Jh
∑
r,µν
Sr · sr (1)
where cˆrσ (cˆ
†
rσ) is the creation (annihilation) operator
at the site r with spin (σ =↑, ↓), trr′ is the hopping be-
tween nearest-neighbor sites, JH is the Hund’s coupling
strength between the electron spin sr =
1
2 cˆ
†
r,µ~σ
µν cˆr,ν and
magnetic background Sr. In order to include a spin tex-
ture made of an AF-SkX phase we perform MC simula-
tions with overrelaxation updates[14, 37] for system sizes
of N = L2 sites (L = 12 − 84) and periodic boundary
conditions on the following pure magnetic Hamiltonian
[14, 38]
HS =
∑
〈r,r′〉
J Sr · Sr′ +Drr′ · (Sr × Sr′)−B
∑
r
Szr (2)
where J and Drr′ are the anti-ferromagnetic and DM
couplings respectively (see Fig. 1a), and B the strength
of the magnetic field perpendicular to the lattice. It is
know that from the model in Eq. (2) emerges a AF-SkX
consisting of the superposition of three interpenetrated
F-SkX [14, 38].
In a recent work it was shown that the mixed dynamics
of both electrons and spins tend to stabilize the AF-SkX
phase in the adiabatic regime JH/t  1 [39] allowing
us to fix the magnetic texture in Eq. (1) throughout
our calculations. With this in mind, let’s focus in this
regime JH/t  1 where the spin of the electrons are
aligned parallel to the local moment and the low-energy
physics can be described by an effective Hamiltonian of
spinless fermions as [40] (see Supplemental material for
details)
Heff =
∑
r,r′
teffrr′ dˆ
†
rdˆr′ , (3)
where dˆ†r (dˆr) is the creation (annihilation) operator,
cos θrr′ = Sr · Sr′ , teffrr′ = trr′ cos(θrr′/2)ei arr′ is the
effective hopping amplitude and the phase tan(arr′) =
− sin(φr − φr′)/(cos(φr − φr′) + cot(θr/2) cot(θr′/2)).
The electronic band structure and other quantities
of interest are obtained through numerical diagonaliza-
tion of the resulting Hamiltonian matrix in the recipro-
cal space. Therefore, once the eigenvector |un(k)〉 and
eigenenergies n(k) are determined, we calculate the HC
by means of the standard Kubo formula, which at T = 0,
reduces to
σxy =
e2
2pih
∑
n
ˆ
Θ(n − F )Ω(n)xy d2k (4)
where the Berry curvature for the band n is Ω
(n)
ab =
2
∑
m6=n Im{[va]nm [vb]mn}/ (m − n)2, F is the Fermi
energy and [va]
nm
= 〈un| va |um〉 (a = x, y) is the matrix
element of the velocity operator v = i~ [Heff ,R], with
the position operator being R =
∑
r r d
†
rdr. When the
Fermi energy F lies inside a band gap, the HC is quan-
tized as σxy = e
2/h
∑
n Cn, where the integers Cn are
the so-called Chern numbers. Relevant Chern numbers
are calculated independently of σxy through the Fukui-
Hatsugai numerical method [41, 42]. Thus, due to the the
bulk-boundary correspondence principle [43], in an open-
boundary system one would expect to find a number |ν|
of topologically protected chiral edges states crossing the
nth band gap, where ν =
∑
n Cn. In addition, we also
calculate the out-of-plane component of the orbital mag-
netization (OM)[44–46]
Mz = Mc +Mt (5)
=
1
(2pi)2
∑
n
ˆ
BZ
Θnm
z
n d
2k
+
e
4pih
∑
n
ˆ
BZ
Θn(Ω
(n)
xy − Ω(n)yx )(F − n)d2k
where Θn = Θ(n− F ) is the Heaviside step function,
mcn = − e2~
∑
m6=n 
abc Im{[va]nm [vb]mn}/ (m − n) is
the crystal orbital magnetic moment with abc is the
Levi-Civita tensor (summation over a, b is implicit). Mc
correspond to the contribution from the intrinsic orbital
moment (conventional part), whereas Mt corresponds
to corrections of topological nature.
Band Structure and Topological Phase Transition.– In
Fig. 2a we show a typical band structure obtained in the
presence of an AF-SkX background. Here we identify
two main distinct energy regions: (i) a low-energy sec-
tor consisting of strongly overlapping bands except for a
field dependent global bulk gap ∆1 between the first and
second band (red curves), and (ii) a high-energy sector
resembling a typical THE spectrum in the presence of a
3F-SkX background [33] (blue curves). Both sectors are
separated by a persistent energy gap ∆2 (see Fig. 1c).
FIG. 2: (Color online) (a) Representative band structure of
the model in Eq.(3) for B/J = 2.4 (see Eq. (2)). Red and blue
set of curves indicate the two regions with different properties.
The gray shaded areas mark the two relevant gaps of the
system. (b) Closing and further reopening of the bulk-gap
∆1. (c) Evolution of the gaps ∆1 and ∆2 vs magnetic field
B.
In this section, we focus our attention on the low en-
ergy sector, leaving the discussion for the high energy
sector to the next section. For sequentially bigger fields
it is found that the overlapping region barely changes.
Fig. 2(b) shows a closing and further reopening of the
first bulk gap ∆1 for increasing fields. These two sec-
tors where ∆1 is non-zero (at low field and a high field)
are well separated by a broad gapless region as shown in
Fig. 2(c). Upon further inspection we finds a noticeable
change in both the HC and OM when the Fermi energy
sits inside the band gap. In Fig. 3 we show the HC and
OM for low field (left) and high field (right) displaying a
transition from σxy = 0 at low field to a quantized value
FIG. 3: (Color online) F dependence of the topological HC
σxy (panels (a) and (c)), exhibiting a transition from zero to
quantized value in the bulk gap window as a function of Fermi
energy. Panels (b) and (d) show the OMM (andMc,Mt) in
units of [e/4pi h]. The shaded areas correspond to the energy
gap ∆1.
σxy = − e2h at high field (Fig. 3a and 3c). This is con-
firmed by the calculation of the Chern number where the
lowest band is topologically trivial with C1 = 0 at low
field and non-trivial with C1 = −1 at high field. This
topological change is also evidenced in the OM (Eq. 6).
In Fig. 3(panel b and d) we show the OM (M) and its
two components Mc and Mt as a function of F . On
one hand, we observe that in the energy gap, at low field
there is only a negative contribution from the conven-
tional part Mc. Because C1 = 0 we have Mt ≡ 0. On
the other hand, at high field, Mc keeps constant inside
the gap, due to the fact that the integral of mzn does not
depend on F . In contrast, the Berry-phase term Mc
linearly increases with F , as is expected from Eq. (6).
FIG. 4: (Color online) Electronic occupation (EO) at the Γ
point for the lowest band for B/J = 2.4 (a) and B/J = 4.6
(b). In the trivial case (C1 = 0) the EO is strongly local-
ized inside the AF-Skyrmion; when C1 = −1 the EO be-
come delocalized (the top-left insets show the spin configura-
tions). (c) One dimensional band structure (∆w = n − 1)
for a nanoribbon geometry with periodic (upper) and open
(bottom) boundary conditions. In the last case, the edge
state (red curve) is clearly observed between the two adjacent
bands, which demonstrates a nonzero Chern number. (d) The
edges states are localized at the boundary (top and bottom)
of the nanoribbon.
In order to inspect in more detail the effects of the
transition, we calculate the electronic occupation (EO)
nr = 〈u1(k)|d†r dr|u1(k)〉 within the unit cell at Γ point
for the lowest band for B/J = 2.4 and 4.6. In the
low-field region the EO is strongly confined around
the anti-ferromagnetic skyrmion center in a ring-like
configuration[47] (Fig. 4a). As we cross the transition
the EO spreads out, getting away from the skyrmions
centers, forming a connected configuration throughout
the system (Fig. 4b). This localized/delocalized like
4transition is compatible with the change in HC.
Lastly, we study the presence of in-gap chiral edge
states. To this end, we have numerically diagonalized the
Hamiltonian Eq. (3) in a one-dimensional strip configu-
ration with a width of 20 unit cells. The calculated band
structure with periodic and open boundary conditions is
shown in Fig. 4c. In the high-field region, a gap crossing
edge state, absent in the low field region, is observed. The
electronic occupation for this state localizes in the edge
of the sample, as shown in Fig. 4d. A similar behaviour
can be found in the persistent energy gap ∆2 with stable
in-gap chiral edge states (see Fig S2) This result agrees
with the bulk-boundary correspondence principle.
Therefore, a system of this kind with a filled first band
could be tuned from an insulator, to a metal, to a CI
phase by changing the external magnetic field. Edge
conducting states can be turned on and off in the same
manner.
High filling sector.– At high filling, the band struc-
ture, Hall conductivity and orbital magnetization show a
striking similarity to that observed in magnetic skyrmion
crystals [33, 48] as function of the Fermi energy (see Fig.
5). The presence of THE is a consequence of the three
sublattice structure of the AF-SkX magnetic background.
On an AF-SkX on a bipartite lattice one would expect
the emergent field to fluctuate around zero, leading to
a vanishing Hall conductivity [36]. However, in the case
of the AF-SkX on the triangular lattice, the emergent
field fluctuates around a non-zero value and its strength
is comparable to that of the emergent field coming from
a F-SkX background. In this sense, a correspondence be-
tween the Integer Quantum Hall Effect and the THE on
the AF-SkX could be traced, as is the case of the THE
on the F-SkX [33].
Conclusions.– In this letter we have studied the Topo-
logical Hall Effect (THE) and Orbital Magnetism (OM)
of electrons coupled to an antiferromagnetic skyrmion
lattice (AF-SkX). The band structure consists of two en-
ergy regions, separated by a persistent energy gap. The
low-energy sector consists of a strongly overlapping bands
except for a switchable bulk gap between the first and
second band. The high-energy sector shows striking sim-
ilarity to that of the standard quantum Hall effect.
At low-filling, we found that a magnetic field drives the
system from a conventional insulating state to a topolog-
ical insulator state hosting chiral edge states in generic
strip geometries. This topological change is clearly man-
ifested in the Chern numbers, the electron density (ED),
Hall conductivity (HC) and orbital magnetization (OM).
In the region with Chern number C1 = 0, the ED is
strongly localized at the AF-Skyrmion cores forming a
ring-like distribution. In the region with C1 = −1, the
ED becomes delocalized. We found that the localiza-
tion/delocalization of the ring states can be controlled by
the magnetic field which determines the texture details.
The Hall conductance presents a switchable behaviour
FIG. 5: (Color online) (a) Electronic band structure at high
filling Band, (b) HC and (c) OM as a function of the chemical
potential (vertical axis). Regions with bulk gap are indicated
by a gray rectangular box. In panels (d),(e) and (f) we show
a zoomed region in order to highlight the connection between
quantities.
from a null to a quantized value σxy = −e2/h when the
Fermi energy is inside the bulk gap. We have found that
the two partsMc andMt of the OM display fully differ-
ent behaviors in the C1 = 0 and C1 = −1 regions because
of their different roles in these two regions.
At high fillings, even having a three sublattice struc-
ture of the AF-SkX we recover a similar behavior ob-
served in F-SkX where it is possible to connect the THE
with the quantum Hall effect.
Our results highlight the richness of the electronic
phases arising from systems hosting AF-SkX states and
their potential as platforms for spintronic devices. The
present study on the THE in antiferomagnetic skyrmion
lattices calls for experimental verification. The low filling
topological phase transition and controlled chiral edge
states can be studied in materials which exhibit a AF-
SkX phase, e.g., the recent fractional skyrmion lattice
observed in the compound MnSc2S4 [23]. In this ma-
terial, magnetic ions Mn2+ form a diamond lattice. At
low temperature and finite magnetic field, each triangular
lattice layer along the [111] direction realizes a fractional
AF-Sk lattice that is composed of three ferromagnetic
SkX sublattices.
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